We use cluster dynamical mean field theory to study the phase diagram of the square lattice bilayer Hubbard model with an interlayer interaction. The layers are populated by two-component fermions, and the densities in both layers and the strength of the interactions are varied. We find that an attractive interlayer interaction can induce a checkerboard density ordered phase and superfluid phases, with either interlayer or intralayer pairing. Remarkably, the latter phase does not require an intralayer interaction to be present: it can be attributed to an induced attractive interaction caused by density fluctuations in the other layer.
We use cluster dynamical mean field theory to study the phase diagram of the square lattice bilayer Hubbard model with an interlayer interaction. The layers are populated by two-component fermions, and the densities in both layers and the strength of the interactions are varied. We find that an attractive interlayer interaction can induce a checkerboard density ordered phase and superfluid phases, with either interlayer or intralayer pairing. Remarkably, the latter phase does not require an intralayer interaction to be present: it can be attributed to an induced attractive interaction caused by density fluctuations in the other layer. Layered lattice systems may exhibit interesting physics since they allow effects typical to two and three dimensions to interplay. For instance, the study of superfluidity in layered systems has been an active area of research since the discovery of high temperature superconductivity in the cuprates [1] . Another intriguing phenomenon in layered systems is the condensation of interlayer electron-hole pairs, or excitons, induced by repulsive interactions between electrons [2] . Ultracold gases provide one more system where various types of layered systems can be realized. There the possibility to control inter-and intralayer tunnelings (hoppings) has been available for some time [3, 4] but the interactions have been limited to on-site intralayer type. The interesting new development are dipolar atoms and molecules [5] [6] [7] [8] [9] [10] that provide long-range dipole-dipole forces and thereby bring in the possibility of interlayer interactions. In this Letter, we predict within the bilayer extended Hubbard model a competition of density order and two types of superfluids: an interlayer one analogous to exciton condensates, and an intralayer superfluid that is induced by interlayer interactions.
Motivated by the variety of experimental systems, several theoretical and computational studies have explored the physics of bilayer or other two-band Hubbard models. In the Hubbard model in general, the relevant correlation effects typically cannot be described by a simple mean field theory. The recent developments in cluster dynamical mean field theory (CDMFT) and related methods have made it possible to study such effects in the 2D Hubbard model using a controlled approximations in previously inaccessible parameter regions [11] . In bilayer models, superfluidity and possible modes of pairing were investigated using cluster extensions of DMFT with repulsive [12] and attractive [13] intralayer interactions. The magnetic properties of the repulsive model were explored in [14] . The inclusion of an interlayer or interband interaction opens the possibility of exciton formation and condensation, which has been studied using determinantal Monte Carlo simulations [15] , exact diagonalization [16] , CDMFT [17, 18] and various theoretical approaches [19, 20] .
Here we consider an extended bilayer Hubbard model, where both layers are populated by two (spin) species of fermionic particles. The interaction between the two layers is attractive, whereas, unlike in most earlier studies, interactions within the layers are vanishing or very weak. Our results are equally relevant to the case of a repulsive interlayer interaction, since there is an exact particle-hole transformation between the repulsive and attractive case. This model can be experimentally realized having dipolar atoms in a bilayer optical lattice by aligning the dipole moments using an external field such that the interlayer interaction is attractive [21] [22] [23] [24] [25] . With the use of a Feshbach resonance the s-wave interaction can be tuned to counteract the on-site dipolar interactions [26, 27] . Moreover, by adjusting the interlayer separation the ratio between intra-and interlayer interactions can be tuned such that nearest-neighbor interactions within the layers can be neglected.
The most striking feature we find this model to exhibit is an intralayer superfluid phase, where the Cooper pairs are bound by an interaction induced, via the interlayer attraction, by density fluctuations in the other layer. This kind of induced superfluidity has previously been proposed by Kuroki and Aoki [28] [29] [30] as a candidate mechanism for superconductivity in strongly correlated electron systems. Using Monte Carlo methods on the lattice and the bosonization technique in the continuum, they show that, in one dimensional systems, the induced interaction can indeed produce slowly decaying intraband pairing correlations. In this Letter we consider, in two dimensions, the competition between the intralayer superfluid and other types of long range order. In addition to the induced intralayer superfluid, we find a density ordered phase and an interlayer superfluid. All of these phases can be reached for a fixed interaction strength by tuning only the densities of the layers, making this model a very promising one to realize experimentally.
The hopping Hamiltonian of the two-component bi-layer square lattice Hubbard model is,
where c † σli creates a particle of spin component σ at site i of layer l, the corresponding density operators are defined by n σli = c † σli c σli and i, j means nearest neighbour summation within the layers. The external field ǫ is related to the interlayer polarization P i = n i1 − n i2 and the chemical potential µ can be used to tune the total density ρ i = n i1 + n i2 /2, where n il = n il↑ + n il↓ . Note that ǫ does not need to be a physical field but can be understood as an energy offset or a difference between chemical potentials of the layers. In this Letter we set the interlayer hopping parameter t ⊥ to zero, and take the intralayer hopping as our unit of energy, t = 1.
The interaction Hamiltonian is written in the particlehole symmetric form
so that half filling corresponds to ǫ = µ = 0. We focus on the case where the onsite interaction U vanishes and set V = −3, which results in an attractive interlayer interaction.
To study superfluidity in the model, we use cluster dynamical meand field theory (CDMFT) [31, 32] with the continuous time auxiliary field (CT-AUX) [33] [34] [35] [36] impurity solver that is capable of treating general densitydensity interactions. This method maps the lattice problem onto a finite size cluster that is self-consistently embedded in the lattice, producing a self energy local to the cluster. Correlation effects within the cluster are treated exactly, and thus the quality of the approximation can be controlled by examining the dependence of the results on cluster size.
The smallest possible cluster that includes both intralayer and interlayer pairing correlations includes one site in both layers. By symmetry arguments (see appendix A), the relevant superfluid order parameters within this cluster are the intralayer pairing order parameters ∆ l = c ↑li c ↓li for both layers l and the interlayer pairing order parameter ∆ ⊥ = c ↑1i c ↓2i = c ↓1i c ↑2i . Here we also consider clusters which consist of L × L × 2 lattice sites and most of our results have been obtained with L = 2. We treat the system in the Nambu formalism and include the anomalous Green's functions between all orbitals of opposite spins.
The intralayer and interlayer superfluid order parameters are shown as a function of the external fields µ and ǫ in Fig. 1 . These results were obtained within twosite DMFT (L = 1) that excludes translational symmetry breaking. We find that the system prefers interlayer superfluidity for low values of the interlayer density polarizing field ǫ, while higher polarizations drive it into the intralayer superfluid state. The intralayer superfluid region is larger for the more dense layer, i.e. the layer further away from half filling, and therefore the intralayer order parameter is plotted for that layer.
We have thus predicted that, when the symmetry of the layers is distorted by the interlayer density polarizing field, an intralayer superfluid emerges that does not require intralayer interactions. An explanation of this intriguing finding could be that the superfluidity is induced by second order effects mediated by the interlayer interaction. To test this hypothesis we calculate the interaction strength in layer l ′ mediated by density fluctuations in layer l using a simple mean-field theory [37] ,
where in the first line G 0 knl is the non-interacting Green's function for the particles in layer l and the summation runs over all energy and momentum states, while the factor 2 results from summing over spin states. In the second line n F are the Fermi distribution functions, where ε k are the particle dipersions and µ l determines the density in layer l. The strength of U ind in one layer thus depends on the density in the other layer and turns out to be stronger if mediated by the layer closer to half filling. This explains why the superfluid is more easily formed in the more dense layer, i.e. in the layer further away from half filling, while intuition gained from e.g. the single band attractive Hubbard model would suggest the opposite. Now, the crucial question is whether the superfluids we predict survive the competition with density order, highly typical for lattice systems. To investigate this, we have obtained the phase diagram of the system also using the L = 2 cluster, allowing the possibility of a checkerboard density ordered phase, which can be identified by a nonzero value of the order parameter
where sgn(i) is an alternating sign that has the opposite values for any pair of neighbouring sites inside one layer, and N is the total number of sites on the lattice. The density order is present close to half filling and zero polarization, as can be seen in the phase diagram in Fig.  2 . Compared to Fig. 1 , it can be seen that in quite a considerable region where we first found a superfluid phase, actually the density ordered phase turns out to be the ground state of the system. However, we still find a region where the interlayer superfluid phase is the most favourable and, strikingly, the intralayer superfluid phase induced by density fluctuations in the opposite layer remains present in the phase diagram. Above the critical temperatures of the superfluids, the transition from the density ordered phase to the normal phase is of the second order and gets sharper as the temperature is lowered. At the temperature used in Fig. 2 we cannot distinguish this transition from a first order one, which can also be seen in the large gap present in the density -interlayer polarization ρ − P plot. In fact, the competition between the superfluid phases and the density order is expected to cause a true first order transition for almost the whole phase boundary. This is also manifest in the fact that the density ordered region is slightly larger above the superfluid critical temperatures, although it never totally covers the superfluid regions present in Fig. 2 . The rapid variation of the density and polarization as a function of ǫ and µ suggests phase separation, in particular between the density ordered phase and the intralayer superfluid, for which DMFT solutions can be obtained at the same external polarizing field ǫ but with large differences in polarization P . As it is possible to allow translational symmetry breaking even within the two-site CDMFT, we have studied the phase diagram including density order also within this approximation. We find that the results agree well with Fig. 2 , which implies that the effects of the cluster size are not very important. This can also be seen in the critical temperatures (Table I) which are discussed below.
Note that, when doing a particle-hole transformation in layer 2 the Hamiltonian remains invariant apart from ǫ and µ switching roles and a sign change of V . In other words, there exists a transformation between the attractive and the repulsive model. In this transformation, ∆ l remain invariant and the interlayer order parameter becomes ∆ ⊥ = sgn(i) c ↑1i c † ↓2i
measuring pairing correlations of excitonic particle-hole-pairs. Thus, the results obtained in this Letter equally well apply to the case of repulsive interlayer interaction V , and a connection to, for instance, exciton condensation can be made.
The translation invariant solution is in itself an interesting model for two band superfluidity where the interband coupling is the dominant one. The order parameters and densities near the intralayer-interlayer transition are shown in Fig. 3 . It can be seen that the transition between these two superfluid states is a sharp, first order transition. The interlayer superfluid order parameter ∆ ⊥ is zero when the intralayer superfluid order parameter ∆ l is nonzero and vice versa. The discontinuity in the polarization and the interlayer order parameter gradually decreases with increasing density, and the transition turns into a second order one when the density is high enough so that the intralayer superfluid is not present. Fig. 3 can be compared to Fig. 2 of reference [36] , where analogous behaviour is found in a single band attractive Hubbard model as the spin polarization within the single band is increased by a magnetic field. In their case the transition is always a second order one, since the competition between two superfluid phases as in our case is absent.
The intralayer-interlayer superfluid transition is caused by a competition between the different modes of pairing. For instance, if we force the intralayer pairing fields to be zero, the interlayer superfluid region is extended and exhibits a second order transition to the normal state along the whole phase boundary. Similarly, the intralayer superfluid is also present at zero polarization if the interlayer pairing is excluded. Nevertheless, we did not find any hysteretic behaviour in the simulations near the intralayer-interlayer transition, which supports the reliability of the numerics.
The critical temperatures of the superfluids and the density ordered phase at selected points in the (ǫ, µ) plane are listed in Table I . There is only little variation between different cluster sizes, which is again a sign that neglecting nonlocal quantum fluctuations beyond two sites has only a small quantitative effect on the results. This is in contrast to the case of exotic superfluidity in quasi-1D systems where non-local correlations play a crucial role [38] .
The effects of different approximations on the transition from the normal phase to the density order as a function of the inverse temperature are illustrated in Fig.  4 . As expected, the critical temperature is slightly lower for larger clusters, but the variation is small and the effect of the cluster size is insignificant when the system is not very close to the critical point. In contrast, the mean field approximation gives considerably higher critical temperatures, emphasizing the importance of more accurate methods. For a weaker interaction strength V = −1 the critical temperature from two-site DMFT (L = 1) is T c = 0.13 ± 0.01. In this case the system is well in the perturbative region, and while the mean field treatment still gives considerable errors, including second order corrections (see appendix B) already yields a good approximation. For V = −3, however, even with the second order corrections mean field theory is clearly inadequate. superfluid. For example, the superfluidity persists up to U ≈ 0.1 at the point (ǫ = 1.1, µ = 0.4), when the other parameters are as in Fig. 2 .
In conclusion, we have studied the bilayer extended Hubbard model for attractive interlayer interactions using a beyond mean field approach. We found density order starting from half filling and, when the density is increased, an interlayer superfluid that appears before reaching the normal state. This superfluid, where the cooper pairs are formed by particles from different layers, is conceptually related to bilayer exciton condensates where pairing happens between particles in one layer and holes in the other. Notably, the freedom to polarize a density difference between the layers revealed also a novel type of superfluid with intralayer pairing that is induced by density fluctuations in the opposite layer. The predicted phases could be experimentally realized, for instance, with ultracold dipolar atoms or molecules. A prospect for future research is to study if some other type of density order than the checkerboard considered here, possibly incommensurate, would be present near the density order phase boundary. This would be particularly interesting as there is a possibility of simultaneous superfluidity and breaking of translation symmetry, i.e. a supersolid phase. Within the L = 1 cluster, it is possible to have a six component pairing order parameter which consists of the intralayer order parameter ∆ l = c ↑li c ↓li in each layer l and of the four component matrix M defined by
The Hamiltonian is invariant under rotations ψ ′ il = U l ψ il in both layers l where U l is a unitary matrix. The SU (2)-part of this symmetry corresponds to conservation of spin, and the U (1)-part corresponds to conservation of particle number, in both layers separately. Letting
the transformation for ∆ l is
Thus the ∆ l are invariant in pure SU (2) spin rotations and only gain a phase det(U l ) in general unitary transformations.
The transformation for the interlayer order parameters is given by
By the singular value decomposition it is always possible to choose U 1 and U 2 so that M ′ is diagonal and only has nonnegative real elements. Thus, without losing generality, the order parameter reduces to two nonnegative real valued fields and the two, in general complex valued, ∆ l . By doing a further transformation with the matrices
∆ 1 gets a minus sign and the interlayer order parameter matrix M ′ becomes purely off diagonal, the nonzero components being c ↑1i c ↓2i and c ↓1i c ↑2i . This is the representation where we perform our numerics. Because of technical limitations we also consider the intralayer order parameters to be real valued. As we have fixed the interlayer order parameters to be nonnegative, this still leaves the signs of the intralayer order parameters as nontrivial factors that cannot be rotated away by symmetry. However, from the simulations we find that the interlayer order parameters (the matrix M ′ ) are always zero, when the intralayer order parameters are nonzero, and vice versa. Under this assumption there are no phase-or sign factors left, and thus we are free to consider only the absolute values of the order parameters. Furthermore, we find that the two nonzero components of M ′ are always equal, and thus we just call this value the interlayer order parameter ∆ ⊥ = c ↑1i c ↓2i = c ↓1i c ↑2i .
Also within larger clusters, our CDMFT implementation includes all anomalous Green's functions between opposite spin components within the cluster. While the bilayer model we study in this work has four conserved components, it can be thougth of as a limiting case of a model where the particles have a small probability to tunnel between the layers. This tunneling breaks the conservation of particle number in both layers separately, thus leaving only two exactly conserved spin components. Thus it is expected that the superfluidity can be treated in a picture where the Cooper pairs are only formed between particles of opposite spin, and not between particles of the same spin in different layers. To make comparisons with the CDMFT solution of the model, we have also considered a mean field type approximation for the density ordered phase. The lowest order mean field approximation can be obtained by decomposing the interlayer density-density interaction as The second order diagram depends on the imaginary time difference τ1 − τ2 thus bringing frequency dependence to the self energy. The layer indices must fulfill the condition l ′ = l, since there are no interactions within the layers, while the spin index σ ′ can freely be summed over.
the mean value and terms quadratic in the fluctuations have been neglected as well as the constant 1/4. This leads to the mean field Hamiltonian
where l ′ = 1 when l = 2 and vice versa. The resulting self energy is diagonal in spin, site and layer indices, and is given in Matsubara frequency space by
Subsequently, the propagator G σlij (τ ) = c σli (τ )c † σlj (0) can be calculated as
where G, T and Σ are matrices in the site indices, T is the hopping matrix of the square lattice including the chemical potential contributions, and β is the unitless inverse temperature. In practice the matrix inversion is done in Fourier space with a unit cell that allows the breaking of translation invariance. The self-consistency condition is that the density n σli = 1 − G σlii (τ = 0+) agrees with the density in Eqn. 11.
It is possible to derive the mean field theory from the Baym-Kadanoff (or Luttinger-Ward) functional formalism, which can also be used to systematically include higher order corrections to the approximation [39] [40] [41] . In this formulation, the self energy is expressed as a diagrammatic series expansion in terms of the interaction vertices and interacting propagator lines. As only the two-particle irreducible diagrams enter this series, the contributions up to second order in V consist of only two diagrams, which are depicted in Fig. 5 .
Including only the first order diagram gives the mean field self energy 11. The second order diagram includes contributions which are not diagonal in the site indices, see Fig. 5 . However, we neglect these contributions and apply a local approximation where both vertices of the diagram are on the same site i = j. Evaluating the second order diagram gives the correction term
where again l ′ = l. We calculate this term directly in an imaginary time grid and then perform a numerical Fourier transformation to Matsubara frequencies. This yields a self-energy Σ σli (iω) = Σ (1) σli (iω) + Σ (2) σli (iω) which can be used to calculate the propagator according to Eqn. 12. The then obtained propagator is used to calculate the self energy again, and the process is iterated until a converged, self-consistent solution is found.
